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1. INTRODUCTION
The purpose of this article is to construct polynomials which correspond
to the elements of the inverse matrix of the matrix whose elements are
 weighted parabolic KazhdanLusztig polynomials introduced in 14 and to
give combinatorial formulas and recursion formulas of those polynomials.
In this article, the polynomials are called inverse weighted parabolic
KazhdanLusztig polynomials.
 A brief review of known results is given. In 8, 9 , Kazhdan and Lusztig
Ž .introduced the KazhdanLusztig polynomials P q and the inversex, w
Ž .KazhdanLusztig polynomials Q q , which play important roles in thex, w
field of the representation theory. It is well known that
Ž . Ž .l x l y1 P q Q q   for x , wW , 1Ž . Ž . Ž . Ž .Ý x , y y , w x , w
yW
where W is a Coxeter group, l is the length function on W, 	 is the
 Bruhat order on W, and  is Kronecker delta. In 1982, Lusztig 10x, w
 Ž .introduced polynomials P q called weighted KazhdanLusztig polyno-x, w
mials, the special case of which has a representation theoretic interpreta-
  J Ž .tion. In 1987, Deodhar 3 introduced two kinds of polynomials P q ,x, w u
where u1 or u q, called parabolic KazhdanLusztig polynomials,
the case u1 of which gives the dimensions of the intersection coho-
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mology modules of Schubert varieties in GP, where G is a KacMoody
group and P is a ‘‘standard’’ parabolic subgroup of G. The parabolic
Ž . Ž  .analogue of the formula 1 is already given cf. 5, 7 . In 1999, Tagawa
 J Ž .introduced polynomials P q , called weighted parabolic Kazhdanx, w u
 Ž . J Ž .Lusztig polynomials as an extension of P q and P q , and gavex, w x, w u
Žcombinatorial formulas and recursion formulas of those polynomials cf.
 .14, 15 . The inverse weighted parabolic KazhdanLusztig polynomials are
an extension of inverse KazhdanLusztig polynomials and inverse parabolic
KazhdanLusztig polynomials. Therefore, we also give new results for
other inverse polynomials.
This article is organized as follows: In the next section, we recall the
definition of the weighted parabolic R-polynomials and the weighted
parabolic KazhdanLusztig polynomials. In Section 3, we define inverse
weighted parabolic KazhdanLusztig polynomials and give a weighted and
Ž .parabolic analogue of the equality 1 . In Section 4, we give combinatorial
formulas for the inverse weighted parabolic KazhdanLusztig polynomials,
which are an extension of results for the inverse KazhdanLusztig polyno-
 mials obtained by Brenti 2 . Section 5 is devoted to prove some recursion
formulas of the inverse weighted parabolic KazhdanLusztig polynomials.
In Sections 6, 7, and 8, we apply our results obtained in Sections 4 and 5 to
inverse polynomials of other kinds of KazhdanLusztig polynomials. In
particular, non-trivial recursion formulas of inverse parabolic Kazhdan
Lusztig polynomials and inverse KazhdanLusztig polynomials are given.
For example, in the case that W is a finite Coxeter group, the equality
Ž .Q  1 wW is very easily obtained by the well known formulase, w
Ž . Ž . Ž .Q q  P q and P q  1 for x, wW, where w is thex, w w w , w x x, w 00 0 0
longest element in W. But, in this article, we can prove that this equality
holds for any w in an arbitrary Coxeter group.
2. PRELIMINARIES AND NOTATION
The purpose of this section is to define the weighted parabolic R-poly-
nomials and the weighted parabolic KazhdanLusztig polynomials.
Ž .Throughout this article, W, S is an arbitrary Coxeter system and e is the
unit element of W. And let  be the set of integers, let  be the set of
non-negative integers, and let  be the set of natural numbers.
First, we recall the definition of the Bruhat order.
 1 4DEFINITION 2.1. We put T wsw ; s S, wW . For y, zW,
we denote yz if and only if there exists an element t of T such that
Ž . Ž .l tz  l z and y tz, where l is the length function. Then the Bruhat
order denoted by 	 is defined as follows: For x, wW, x	 w if and
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only if there exists a sequence x , x , . . . , x in W such that x x x0 1 r 0 1
Ž .  x  w. We also use the notation x w if x w and l x r
Ž .l w  1.
The following is well known as the subword property. For wW, let
s s  s be a reduced expression of w; i.e., w s s  s , s  S for all1 2 m 1 2 m i
  Ž .    4i m and l w m, where we put m  1, 2, . . . , m . For xW,
x	 w if and only if there exists a sequence of natural numbers i , i , . . . , i1 2 t
such that 1	 i  i    i 	m and x s s  s . This expression1 2 t i i i1 2 t
Ž .of x is not reduced in general; i.e., it may happen that l x  t. However,
it is known that one can find a sequence of natural numbers j , j , . . . , j1 2 k
Ž .such that 1	 j  j    j 	m, x s s  s , and l x  k.1 2 k j j j1 2 k
Let J be a subset of S, let W be the subgroup of W generated by J,J
J  Ž . Ž . Ž . 4and let W  yW ; l yz  l y  l z for any zW .J
From now on, the order on W is the Bruhat order and we fix a subset J
Ž  .of S. Next, we recall the definition of weights cf. 10, 14 .
DEFINITION 2.2. Let  be an abelian group or a -algebra of an
abelian group with the unit element e.  is called a weight of W into  if
and only if  is a map of W into  satisfying the following conditions:
Ž . Ž .i  e  e,
Ž . Ž . Ž . Ž . Ž .ii  s s  s   s  s   s for any reduced expres-1 2 m 1 2 m
sion s s  s in W,1 2 m
Ž . Ž .iii  s is an invertible element in  for any s S.
From now on,  is an abelian group, e is the unit element of ,  is a
 4 Ž .weight of W into , and we put S s , s , . . . , s s  s if i j . For1 2 n i j
Ž . 12 Ž 12 12 12 .wW, we denote  w by q and q , q , . . . , q by q.w s s s1 2 n
Ž .Moreover, we prepare another weight defined as follows: Let A  be
   12 4the -subalgebra of   generated by q ; s S and let  be a weights
Ž . Ž . Ž .of W into A  with  s e or  s  q for each s S. In the sames
Ž .way, for wW, we denote  w by u . After this, for convenience, wew
denote e by 1. Also, for s S, we put u  q  1 u . Note that the˜s s s
˜ Ž .map  of W into A  defined as follows is also satisfies the conditions
for  :
e if w e,
˜ w Ž . u u  u if s s  s is a reduced expression of w.˜ ˜ ˜½ s s s i i ii i i 1 2 m1 2 m
Ž . Ž .We denote u , u , . . . , u by u and u , u , . . . , u by u.˜ ˜ ˜ ˜s s s s s s1 2 n 1 2 n
INVERSE WEIGHTED PARABOLIC KL POLYNOMIALS 301
From now on, we fix weights  and  . Then, the weighted parabolic
R-polynomials are defined as follows:
J  J Ž .DEFINITION 2.3. Let x, wW . The polynomial R q is defined asx, w u
follows:
R J q  1, R J q  0 if x w.Ž . Ž .u ux , x x , w
For s S with sw w,

  JR q if sx x ,Ž . us x , sw
 J  J  J JR q  q R q  q  1 R q if x sxW ,Ž . Ž . Ž . Ž .u u ux , w s s x , sw s x , sw
 J Ju R q if x sxW .Ž .˜ us x , sw
 J Ž .We call these polynomials R q weighted parabolic R-polynomials ofx, w u
J  Ž . Ž  .W . Also, then weighted R-polynomials R q cf. 10 , parabolic R-x, w
J Ž . Ž  . Ž . Ž  .polynomials R q cf. 3, 4, 13 , and R-polynomials R q cf. 6, 8x, w u x, w
are defined as follows:
R q  R q for x , wW ,Ž . Ž . ux , w x , w
R J q  R J q12 , q12 , . . . , q12 for x , wW J ,Ž . Ž .Ž .u Ž .x , w x , w u , u , . . . , u
R q  R q for x , wW .Ž . Ž . ux , w x , w
For example, by the definition of the weighted parabolic R-polynomials,
we can easily obtain that
R J q  q  1 if x w and q q1  q x , wW J .Ž . Ž .ux , w t w x t
2Ž .
The following equalities are known.
  JPROPOSITION 2.4. 14, Proposition 3.9; 15, Lemma 3.3 . Let x, wW
and s S.
Ž .i
Ž . Ž .l x l w  J  J11 q q R q  R q ,Ž . Ž . Ž .u uw x x , w x , w ˜
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 where we define an operation on   as
1  b 	 b 	 for b 	   .Ý Ý Ý	 	 	
	 	 	
Ž .ii Ž . Ž .l x l y  J  J1 R q R q   ,Ž . Ž . Ž .Ý u ux , y y , w x , w˜
Jx	y	w , yW
where  is Kronecker delta.x, w
Ž . J Jiii If w swW and x sxW ,
R J q  u R J q .Ž . Ž .˜u ux , w s s x , w
We define some more notations.
 4  4Notation 2.5. Let r  q ; s S and we put q , q , . . . , q s 1 2 r
 4q ; s S , where A is the cardinality of a set A. Puts
n12 n2 2 nr2   q q  q ; n   for i r , 41 2 r i
n1 n2 nr  
  q q  q ; n   for i r . 41 2 r i
Moreover, for , 	 
, we denote 	 if and only if there exist
integers h , k with h 	 k ,  q h1 q h2  q hr and 	 q k1 q k 2  q k r.i i i i 1 2 r 1 2 r
Then, we put
  4  	 
 ; e	 .
In order to define the weighted parabolic KazhdanLusztig polynomials,
we define a total order on  called a strong order.
DEFINITION 2.6. We define a ‘‘strong order’’ on  as a total order 
which satisfies the following conditions:
Ž .i For  ,  , 	 , if 	  , then 		 	 .
Ž . 12ii For any s S, e q .s
If a weight  of W into  satisfies that
n12 n2 2 nr2  q q  q  e n  0 for all i r ,1 2 r i
then the lexicographic order with respect to n , n , . . . , n is a strong order1 2 r
on .
From now on, we assume that  has a strong order on  and we fix a
  4  strong order on . Put   	 ; e 	 and   	 ; 	 
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4Ž Ž  .1 .e   . Then, we can define weighted parabolic KazhdanLusztig
polynomials as follows:
 PROPOSITION 2.7 14, Proposition 4.4 . There exists a unique family of
polynomials
 J    JP q    ; x , wWŽ . 4ux , w 
satisfying the following conditions:
P J q  1, P J q  0 if x w ,Ž . Ž .u ux , x x , w
Ž12. 12  J   q q P q    if x w ,Ž . uw x x , w 
 J  J  J1q q P q  R q P q .Ž . Ž . Ž .Ýu u uw x x , w x , y y , w
Jx	y	w , yW
We define the ‘‘uniquely’’ determined polynomials from Proposition 2.7
as the weighted parabolic KazhdanLusztig polynomials with respect to
the strong order  .
 Ž . Ž  .Then, weighted KazhdanLusztig polynomials P q cf. 10 are de-x, w
fined as
P q  P q .Ž . Ž . ux , w x , w
For x, wW J, we can easily see the following. Let u1 or u q. If
 J Ž . J Ž . J Ž .q  q and u  u for any s S, then P q  P q , where P qs s x, w u x, w u x, w u
Ž  is a parabolic KazhdanLusztig polynomial cf. 3, 4, 13 , Definition 7.1 in
.  Ž . Ž .this article . If q  q for any s S, then P q  P q , wheres x, w u x, w
Ž . Ž  P q is a KazhdanLusztig polynomial cf. 6, 8 , Definition 8.1 in thisx, w
.article .
3. INVERSE WEIGHTED PARABOLIC
KAZHDANLUSZTIG POLYNOMIALS
In this section, we define the inverse weighted parabolic Kazhdan
Lusztig polynomials and give a weighted and parabolic analogue of the
Ž .formula 1 .
The inverse weighted parabolic KazhdanLusztig polynomials are de-
fined as follows:
PROPOSITION 3.1. There exists a unique family of polynomials
 J    JQ q    ; x , wWŽ . 4ux , w 
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satisfying the following conditions:
Q J q  1, Q J q  0 if x w ,Ž . Ž .u ux , x x , w
Ž12. 12  J   q q Q q    if x w ,Ž . uw x x , w 
 J  J  J1q q Q q  Q q R q .Ž . Ž . Ž .Ýu u uw x x , w x , y y , w
Jx	y	w , yW
 Ž .  Ž .Also, we denote Q q by Q q .x, w u x, w
 J Ž . ŽWe define the ‘‘uniquely’’ determined polynomials Q q resp.x, w u
 Ž ..Q q from Proposition 3.1 as the inverse weighted parabolicx, w
ŽKazhdanLusztig polynomials resp. the inverse weighted KazhdanLusz-
.tig polynomials with respect to the strong order  .
This proposition can be proved by arguments very similar to those in 14,
proof of Proposition 4.4 and the proof is therefore omitted.
 J Ž .For example, Q q is computed as follows:x, w u
LEMMA 3.2. Let x, wW J and s S.
Ž .i If x w, then
Q J q  1.Ž . ux , w
Ž . J Jii If x sxW and x w swW , then
Q J q  1.Ž . ux , sw
Ž . J Jiii If x sxW , x w swW , and u 1, thens
Q J q  1.Ž . ux , sw
Proof. By the subword property, we can easily see that
J    4x , sw  x , sx , w , sw  x , sw
if x w , x sxW J and w swW J ,
J   4x , sw  x , w , sw
if x w , x sxW J and w swW J ,
   4   J   Jwhere x, y  zW ; x	 z	 y , x, y  x, y W for x, yW.
Ž .Hence, by Proposition 3.1, Definition 2.3, and the equality 2 , this lemma
is easily obtained. Q.E.D.
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   Ž .For PÝ a 	   , we put 	 P  a . Then, an explicit for-	 	 	
 Ž  J Ž . .mula of e Q q is given by the following:x, w u
PROPOSITION 3.3. For x, wW J, we hae
Ž . Ž .l x l w J  J   e Q q  1 e R q .Ž . Ž . Ž .Ž . Ž .u ux , w x , w ˜
We can obtain this proposition by methods similar to those in 14, proof
of Proposition 5.10 and the proof is therefore omitted.
We can show the following formula which is a weighted and parabolic
Ž .analogue of the formula 1 .
THEOREM 3.4. For x, wW J, we hae
Ž . Ž .l x l y  J  J1 P q Q q   . 3Ž . Ž . Ž . Ž .Ý u ux , y y , w x , w˜
Jx	y	w , yW
Before the proof of Theorem 3.4, we show the following.
  Ž12. 12   LEMMA 3.5. Let x, wW and P   . If q q P   andw x 
1q q P P, then P 0.w x
       4This lemma is easily obtained by the equality that       0 . 
Hence, the proof of this lemma is omitted.
Ž .Proof of Theorem 3.4. If x w, then both sides of 3 are equal to 0.
Thus, we show this theorem in the case x	 w. We put
Ž . Ž .l x l y J  J  JD q  1 P q Q qŽ . Ž . Ž . Ž .Ýu u ux , w x , y y , w ˜
Jx	y	w , yW
 J Ž . Ž . Ž .and we show D q   by induction on l w  l x . In the casex, w u x, w
Ž . Ž . Ž .  J Ž .l w  l x  0 i.e., x w , we can easily see that D q  1 by thex, x u
 J Ž .  J Ž . Ž .equality that P q Q q  1. We suppose that the equality 3x, x u x, x u˜
Ž . Ž . Ž .holds when l w  l x 	 k 1 k 1 and we will show this one in the
Ž . Ž . Ž .case l w  l x  k. It follows from Propositions 2.7, 3.1, and 2.4 ii and
our inductive hypothesis that
 J  J1q q D q D q . 4Ž . Ž . Ž .u uw x x , w x , w
On the other hand, since x w, we can easily see that
Ž12. 12  J   q q D q    .Ž . uw x x , w 
 J Ž .Therefore, we obtain D q  0 by Lemma 3.5. This completes thex, w u
proof of Theorem 3.4. Q.E.D.
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Ž .PROPOSITION 3.6. Let W, S be a finite Coxeter system, let w be the0
longest element in W, and let w be the longest element in W . Then, forJ J
x, wW J, we hae
i R J q  R J q , 5Ž . Ž . Ž . Ž .u ux , w w w w , w x w0 J 0 J
ii Q J q  P J q . 6Ž . Ž . Ž . Ž .u ux , w w w w , w x w0 J 0 J
Note that we can easily see that
wW J w ww W J for wW ,0 J
x	 w w ww 	 w xw for x , wW J .0 J 0 J
Ž .Proof. i is easily obtained by the definition of weighted parabolic
Ž . JR-polynomials, Proposition 2.4 iii , and the following facts: Let yW ,
s S, and s w sw . Then, q  q and ‘‘sy y w yw  sw yw .’’0 0 s s 0 J 0 J
Ž . Ž .ii In the case x w, both sides of 6 are equal to 0. We show the
Ž . Ž . Ž .equality 6 in the case x	 w by induction on l w  l x . In the case
Ž . Ž . Ž . Ž .l w  l x  0 i.e., x w , it is easily seen that both sides of 6 are
Ž . Ž . Ž .equal to 1. We suppose that the equality 6 holds when l w  l x  k
Ž . Ž . Ž .1 k 1 and we will show this one in the case l w  l x  k. First, by
Ž .our inductive hypothesis and i of this proposition, we can calculate that
 J  J  J  J1 1q q Q q Q q  q q P q  P q .Ž . Ž . Ž . Ž .u u u uw x x , w x , w w x w w w , w x w w w w , w x w0 J 0 J 0 J 0 J
On the other hand, noting that x w, we can easily obtain that
Ž12. 12  J  J   q q Q q  P q    .Ž . Ž .ž /u uw x x , w w w w , w x w 0 J 0 J
Therefore, it follows from Lemma 3.5 that
Q J q  P J q .Ž . Ž .u ux , w w w w , w x w0 J 0 J
Ž .Hence, ii was shown by induction. Q.E.D.
By Theorem 3.4 and Proposition 3.6, the following equalities hold. The
Ž .  equality iii was first proved by Douglass 5 .
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COROLLARY 3.7. Let W be a finite Coxeter group and x, wW J.
Ž .i
Ž . Ž .l x l y  J  J1 P q P q   .Ž . Ž . Ž .Ý u ux , y w w w , w y w x , w˜0 J 0 J
Jx	y	w , yW
Ž .ii
Ž . Ž .l x l y  1 P q P q   .Ž . Ž . Ž .Ý x , y w w , w y x , w0 0
x	y	w
Ž .iii
Ž . Ž .l x l y J J1 P q P q   .Ž . Ž . Ž .Ý u ux , y w w w , w y w x , w˜0 J 0 J
Jx	y	w , yW
 J Ž .4. COMBINATORIAL FORMULAS FOR Q qx, w u
   J Ž .In 14 , we gave combinatorial formulas for P q by using weightedx, w u
parabolic R-polynomials for multichains. In this section, by a method
   J Ž .similar to that used in 14 , we give combinatorial formulas for Q q ,x, w u
which is an extension of Brenti’s results for inverse KazhdanLusztig
Ž  .polynomials cf. 2 .
First we define polynomials for multichains in W J.
 DEFINITION 4.1. For PÝ a 	   and  , we put	 	
U P  a 	 , L P  a 	 .Ž . Ž .Ý Ý 	  	
	 	
Let r. For a , a , . . . , a W J with a 	 a 	  	 a , i.e., a0 1 r1 0 1 r1 0
	 a 	  	 a is a multichain in W J, we put1 r1
R J qŽ . ua , a , . . . , a0 1 r1
Ž . Ž .l a l a  J1 0
1 R q if r 0,Ž . Ž . ua , a ˜0 1
 J  J1 12  Ž12.U q q R q R q if r 1.Ž . Ž .u už /q q a a a , a , . . . , a a , aa a r 0 0 1 r r r1r 0
 J Ž .From now on, we also use notations R q andŽa , a , . . . , a . u0 1 r1 J Ž .  J Ž .R q instead of R q .a , a , . . . , a , Ža , . . . , a . u a , a , . . . , a u0 1 k k1 r1 0 1 r1
In the case J  and q  q for any s S, the above polynomials ares
 Ž .  equal to R-polynomials for multichains R q in 2 .a , a , . . . , a0 1 r1
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Then, we can obtain some results which can be proved by arguments
 very similar to those in the proof of results in 14 . Therefore, we describe
only the statement of results and the proofs are omitted.
THEOREM 4.2. Let x, wW J.
Ž .i If x	 w, then
Q J q  R J q ,Ž . Ž .Ýu ux , w C
JŽ .CM x , w
where we put
r2J JM x , w  a , a , . . . , a  W ;Ž . Ž . Ž . ½ 0 1 r1
r0
x a 	 a 	  	 a  w .50 1 r1
Ž .ii If x w, then
Q J q  L 12  Ž12. R J q ,Ž . Ž .Ýu ux , w q q Cw x ž /
JŽ .CF x , w
where we put
r2J JF x , w  a , a , . . . , a  W ;Ž . Ž . Ž . ½ 0 1 r1
r0
x a  a    a  w .50 1 r1
THEOREM 4.3. For x, wW J and 	  , we hae
   J	 Q qŽ .Ž .ux , w
Ž . Ž .l w l x r
1   q qÝ Ý Ý Ł i1 i a ar i 0
i0r1 Ž . Ž .a , a , . . . , a   ,  , . . . ,  0 1 r1 0 1 r1
J ˜Ž . Ž .M x , w F 	 :a , a , . . . , a0 1 r1
Ž . Ž .l x l w J  J R q  1 	 R q ,Ž . Ž . Ž .Ž .ž /u ua , a x , wr i r1 i
where we put
F˜ 	 : a , a , . . . , aŽ .0 1 r1
r2  ,  , . . . ,    ; e        	 	 ,Ž . Ž .½ 0 1 r1  r1 r 1
1 1 1 1    q q 	 ,  	  q q   for i r .50 a a i1 i a a i0 r1 0 r1 i
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COROLLARY 4.4. Let x, wW J, let s S, and let q be the minimums
element in   
.
Ž .i
J J J 1 q     q Q q   yW ; x y	 w , q q  q , y , w  y , wŽ .Ž . ½ 5us x , w y x s
Ž . Ž .l x l w  J  1 q R q ,Ž . Ž .Ž .us x , w ˜
 4where J  s J; u  q .q s s
Ž . Ž . Ž . Ž 1 .ii If l w  l x  l x w and J  , thenq
   J J 1q Q q   yW ; x y	 w , q q  qŽ .  4Ž .us x , w y x s
  t SW J ; t	 x1 w , q  q . 4t s
 J Ž .5. RECURSION FORMULAS OF Q qx, w u
In this section, we give recursion formulas of the inverse weighted
parabolic KazhdanLusztig polynomials. First, we will prove the following.
THEOREM 5.1. Let x, wW J and s S with x sx.
Ž . Ji If sxW , then
Q J q if swW J ,Ž . ux , sw JQ q  7Ž . Ž .ux , w J½ 0 if swW , u  q .s s
Ž . J Jii If sxW , swW , and u 1, thens
Q J q Q J q .Ž . Ž .u ux , w x , sw
J  J Ž .Remark 5.2. Let x, wW and s S with x sx. Q q is notx, w u
J J  J Ž .always equal to 0, even if sxW , swW , and u 1. Also, Q qs x, w u
 J Ž . J Jis not always equal to Q q , even if sxW , swW , and u  q .x, sw u s s
² Ž .3 :For example, let W  ,  ;    e ; i.e., W is the symmetric1 2 1 2
 4group of degree 3, J  . Then, noting that u  u and q  q ,1    1 2 1 2
we can calculate that
0 if u  q , 2 2 J  JQ q  Q q  1.Ž . Ž .u ue ,   e , 1 2 2½ 1 if u 1,2
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By using the subword property, we can easily show the following.
LEMMA 5.3. Let x, wW and s S with x sx. Then, we hae
x	 w x	 sw.
Ž .Proof of Theorem 5.1. i If x w, by Lemma 5.3, we have x sw and
Ž . Ž .both sides of 7 are equal to 0. Thus, we show 7 in the case x	 w by
Ž . Ž . Ž . Ž .induction on l w  l x . If l w  l x  0, noting that we may consider
J Ž . Ž .only the case swW , we can obtain 7 by Lemma 3.2 i .
Ž . Ž . Ž .Next we will show 7 in the case l w  l x  1. If sw w, by Lemma
5.3, we can get x sw and we have
Q J q  1Q J q .Ž . Ž .u ux , w x , sw
If w swW J, since x sx, w sw, and x w, we have sx sw. Here
we suppose that swW J. Then, since wW J, there exists s J such
that sw ws. But, since sx sw ws, sxW J, and s J, we have
sx w and sw xW J. This contradicts that swW J. Therefore, we
consider only the case that swW J. Hence, it follows from Lemma 3.2
that
Q J q  1Q J q .Ž . Ž .u ux , sw x , w
Ž . Ž . Ž . Ž .We suppose that 7 holds when l w  l x 	 k 1 k 2 , and we will
Ž . Ž .show it holds in the case l w  l x  k. Note that, by Lemma 5.3,
inequalities x w and x sw always hold in this case.
Ž J .Case 1. sw w i.e., x sw w, swW . For x and sw, we can use
our inductive hypothesis and we have
Q J q Q J q Q J q .Ž . Ž . Ž .u u ux , sw x , sŽ sw . x , w
J Ž J .Case 2. w swW i.e., x w swW . First, by direct calcula-
tion, we can obtain
 J  J1q q Q q Q qŽ . Ž .u usw x x , sw x , sw
 Q J q q R J q  q  1 R J qŽ . Ž . Ž . Ž .Ý ž /u u ux , y s s y , w s y , w
JysyW
 Q J q R J qŽ . Ž .Ý u ux , y s y , w
Jysw , syyW
 u Q J q R J q .Ž . Ž .˜ Ý u us x , y y , w
J JysyW , yW
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For yW J satisfying x	 y syW J and y	 w, since swW J, we
Ž . Ž .have l y  l w . Hence, in the case u  q , by our inductive hypothesis,s s
Q J q R J q  0.Ž . Ž .Ý u ux , y y , w
J JysyW , yW
Therefore, we may think
u Q J q R J q  q Q J q R J q .Ž . Ž . Ž . Ž .˜ Ý Ýu u u us x , y y , w s x , y y , w
J J J JysyW , yW ysyW , yW
Thus, we have
 J  J  J  J1q q Q q Q q  q Q q R qŽ . Ž . Ž . Ž .Ýu u u usw x x , sw x , sw s x , y s y , w
JysyW
 q  1 Q J q R J qŽ . Ž . Ž .Ý u us x , y y , w
JysyW
 Q J q R J qŽ . Ž .Ý u ux , y s y , w
Jysw , syyW
 q Q J q R J q .Ž . Ž .Ý u us x , y y , w
J JysyW , yW
For yW J satisfying x	 y syW J and sy	 w, by our inductive
 J Ž .  J Ž . Jhypothesis, we have Q q Q q . Also, for yW satisfyingx, y u x, s y u
x	 y sw, sy y, and sy	 w sw, we can easily see that sy w.
 J Ž .Therefore, in this case, by our inductive hypothesis, we have Q q x, y u
 J Ž .Q q . Hence, we can obtain thatx, s y u
 J  J  J  J1 1q q Q q Q q  q q Q q Q q .Ž . Ž . Ž . Ž .u u u usw x x , sw x , sw sw x x , w x , w
On the other hand, since x w sw, we can easily see that
Ž12. 12  J  J   q q Q q Q q    .Ž . Ž .Ž .u usw x x , sw x , w 
Therefore, it follows from Lemma 3.5 that
Q J q Q J q .Ž . Ž .u ux , w x , sw
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Case 3. w swW J and u  q . By direct calculation and thes s
inductive hypothesis, we have
 J  J  J  J1q q Q q Q q  Q q R qŽ . Ž . Ž . Ž .Ýu u u uw x x , w x , w x , y y , w
JysyW
 Q J q R J qŽ . Ž .Ý u ux , y y , w
JsyyW
 Q J q R J qŽ . Ž .Ý u ux , y y , w
J Jyw , ysyW , yW
 Q J q R J q .Ž . Ž .Ý u ux , y y , w
Jy , syW
Here we put
Y Q J q R J qŽ . Ž .Ý u ux , y y , w
Jy , syW
and we will show Y 0. For yW J satisfying syW J and x	 y	 w,
we can use the results in the Cases 1 and 2. Therefore, by Proposition
Ž .2.4 iii , we have
Y Q J q R J qŽ . Ž .Ý u ux , s y y , w
Jy , syW
 Q J q R J qŽ . Ž .Ý u ux , s y s y , w
Jy , syW
Y .
Thus, we obtain Y 0 and
 J  J1q q Q q Q q  0.Ž . Ž .u uw x x , w x , w
By Lemma 3.5, we conclude that
Q J q  0.Ž . ux , w
Ž .Consequently, we obtained i by induction.
Ž . Ž .We can show ii by arguments very similar to those in the proof of i
Ž .and the proof of ii is therefore omitted. Q.E.D.
By Theorem 5.1, the following equality holds.
 4COROLLARY 5.4. Let wW. If u 1 for any s s J; s	 w ,s
then
Q J q  1.Ž . ue , w
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 J Ž .In order to describe recursion formulas of Q q , we define polyno-x, w u
J s Ž . J s Ž .mials N q . In Section 7, we show that N q equals the coefficientx, y u x, y u
Ž12.Ž lŽ y . lŽ x .1. J Ž .of q in Q q if q  q and u  u for any s S.x, w u s s
PROPOSITION 5.5. Let s S and we put
W J if u 1,s
d s, u Ž . J J½  4wW ; swW if u  q .s s
Then, there exists a unique family of polynomials
Js   JN q    ; x , wW , sx x w sw , w d s, uŽ . Ž . 4ux , w
satisfying
Js  J 12  J   N q Q q  q Q q    ,Ž . Ž . Ž .Ý u u ux , y y , w s x , w 
Ž .xysy , yd s , u
J s J sN q N qŽ . Ž .u ux , w x , w
J Ž .for xW , w d s, u with sx x w sw.
Here, we put
Q J q  qŽ12.q12 Q J q for x , wW J .Ž . Ž .u ux , w w x x , w
 J Ž .   Note that Q q    if x w.x, w u 
Ž . Ž .Proof. We will show this proposition by induction on l w  l x . If
Ž . Ž . 1 Ž .l w  l x  1 and q q  q t S , by direct calculation, we can seew x t
J s Ž .that N q are uniquely determined asx, w u

 12 121 if q  q ,s t
12 12J s 0 if q  q ,N q  8Ž . Ž .u s tx , w
12 Ž12. Ž12. 12 12 12q q  q q if q  q .s t s t s t
J s Ž . Ž . Ž .We suppose that N q are uniquely determined when l w  l x 	 kx, w u
Ž . J s Ž . 1 k 2 and we show the existence and the uniqueness of N q inx, w u
Ž . Ž .the case l w  l x  k. By our inductive hypothesis, there exist P 1
       , P    , and c  satisfying 2 
N Js q Q J q  q12 Q J q  P  P  c.Ž . Ž . Ž .Ý u u ux , y y , w s x , w 1 2
Ž .xysy , yw , yd s , u
Then, we can easily see that P  P  c satisfies the conditions for1 1
J s Ž .N q . Moreover, the uniqueness of the polynomial is easily obtained.x, w u
Q.E.D.
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Then, the following recursion formulas holds.
THEOREM 5.6. Let x, wW J and s S with sx x.
Ž .i If sw w, then
Q J q Q J q  q Q J qŽ . Ž . Ž .u u ux , w s x , sw s x , sw
 q12qŽ12.N Js q Q J q .Ž . Ž .Ý u uy s x x , y y , sw
Ž .xysy , yd s , u
Ž . Jii If w swW and u 1, thens
q  1 Q J q Q J qŽ . Ž . Ž .u us x , w s x , w
 q12qŽ12.N Js q Q J q  0.Ž . Ž .Ý u uy s x x , y y , w
Ž .xysy , yd s , u
Before the proof of Theorem 5.6, we show two lemmas.
LEMMA 5.7. Let x, wW J and s S. If sx x and w swW J, we
hae x	 w if and only if sx	 w.
By the subword property, we can easily obtain this lemma and the proof
is therefore omitted.
LEMMA 5.8. Let x, z, wW J and s S. If sx z w, sx x w
sw, x z, and swW J, then we hae the following.
Ž . Ji zW .
Ž .ii If u 1, thens

 12 121 if q  q ,s t
 J 12 121 q if q  q ,Q q Ž . u s s ts x , w
12 121 q if q  q ,t s t
1 Ž .where we put q q  q t S .w x t
Ž .Proof. i First, we will show that sz z. We suppose that sz z and
find a contradiction. By the inequality sz z, there exists zW such
that z z sz. Since sx z, we have
sx z or sx sz
 for some z
  z.
If sx z, then we have x sz z and this contradicts that x z. If
Ž .sx sz
, then we have x z
  z z and this contradicts that l x 
Ž . Jl z . Therefore, we have sz z. Next, we suppose that zW and find a
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contradiction. Noting that z sz, z w, and w sw, we have sz sw.
On the other hand, since wW J and swW J, there exists s J such
that sw ws. Hence, we have sz sw ws and we can see
sz w or sz ws for some w w.
Ž . Ž .If sz w, then we have z sw and this contradicts that l sw  l z  2.
If sz ws, since szW J and zW J, there exists s
  J s.t. sz zs
.
Hence, noting that sx z, sx x, and z sz, we obtain x sz zs
.
Therefore, we have x z and this contradicts x z; here we use xW J
J Ž .and s
  J. Consequently, we have zW . By i of this lemma and the
Ž .direct calculation, we can easily obtain ii and the proof is therefore
omitted. Q.E.D.
Ž . Ž .Proof of Theorem 5.6. We will prove i and ii at the same time. We
put
X  J q Q J q Q J q  q Q J qŽ . Ž . Ž . Ž .u u u ux , w x , w s x , sw s x , sw
 q12qŽ12.N Js q Q J q ,Ž . Ž .Ý u uy s x x , y y , sw
Ž .xysy , yd s , u
Z J q  q  1 Q J q Q J qŽ . Ž . Ž . Ž .u u ux , w s x , w s x , w
 q12qŽ12.N Js q Q J qŽ . Ž .Ý u uy s x x , y y , w
Ž .xysy , yd s , u
and we will show
X  J q  0 if sw w , 9Ž . Ž .ux , w
Z J q  0 if w swW J and u 1. 10Ž . Ž .ux , w s
Case 1. x w. If sw w, we can easily see that sx sw and x sw.
 J Ž . JHence, we have X q  0. If w swW and u 1, by Lemmax, w u s
 J Ž .5.7, we have Z q  0.x, w u
Ž . Ž .Case 2. x	 w. In this case, we will show the equalities 9 and 10 by
Ž . Ž . Ž . Ž . Ž .induction on l w  l x . In the case l w  l x  0 i.e., x w , we may
Ž . Ž .check only the equality 9 and it is almost obvious that the equality 9
Ž . Ž . Ž . Ž .holds. Next we will show the equalities 9 and 10 in the case l w  l x
1 Ž . 1. Let q q  q t S . If sw w, since x w, sx x, and sw w,w x t
Ž .we have sx sw and x sw. Hence, by Lemma 3.2 i , we can obtain the
Ž . J Ž .equality 9 . If w swW and u 1, we can get the equality 10 bys
Ž . Ž .using Lemma 5.8 ii and the equalities 8 . We suppose that the equalities
Ž . Ž . Ž . Ž . Ž .9 and 10 hold when l w  l x 	 k 1 k 2 and we will show
Ž . Ž .these equalities in the case l w  l x  k.
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Step 1. We will show that
Ž12. 12  J    Ž12. 12  J   q q X q    , q q Z q    .Ž . Ž .u uw x x , w  w s x x , w 
Ž .Case a . sw w. Since sx x w, it is easily seen that
Ž12. 12  J Ž12. 12  J   q q Q q , q q Q q    . 11Ž . Ž . Ž .u uw x x , w w x s x , sw 
Noting that x w, sx x, and sw w, we have x sw and we can see
that x sw or x sw. If x sw, then we have
qŽ12.q12 q Q J q  q12qŽ12.N Js q Q J qŽ . Ž . Ž .Ýu u uw x s x , sw y s x x , y y , swž /
Ž .xysy , yd s , u
 0. 12Ž .
If x sw, since sx x sw w and x, wW J, we have
qŽ12.q12 q Q J q  q12qŽ12.N Js q Q J qŽ . Ž . Ž .Ýu u uw x s x , sw y s x x , y y , swž /
Ž .xysy , yd s , u
 q12 Q J q  N Js q Q J qŽ . Ž . Ž .Ýu u us x , sw x , y y , sw
Ž .xysy , yd s , u
     . 13Ž .
Ž . Ž . Ž .Therefore, it follows from 11 , 12 , and 13 that
Ž12. 12  J   q q X q    . 14Ž . Ž .uw x x , w 
Ž . JCase b . w swW and u 1. Since sx x w sw, we cans
easily see
Ž12. 12  J Ž12. 12  J   q q Q q , q q Q q    . 15Ž . Ž . Ž .u uw s x x , w w s x s x , w 
Also, we have
qŽ12.q12 q Q J q  q12qŽ12.N Js q Q J qŽ . Ž . Ž .Ýu u uw s x s x , w y s x x , y y , wž /
Ž .xysy , yd s , u
 q12 Q J q  N Js q Q J qŽ . Ž . Ž .Ýu u us x , w x , y y , w
Ž .xysy , yd s , u
     . 16Ž .
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Ž . Ž .Therefore, from 15 and 16 , we have
Ž12. 12  J   q q Z q    . 17Ž . Ž .uw s x x , w 
Step 2. We will show that
 J  J  J  J1 1q q X q  X q , q q Z q  Z q ,Ž . Ž . Ž . Ž .u u u uw x x , w x , w w s x x , w x , w
Ž . Ž .and the equalities 9 and 10 .
Ž .Case a . sw w. By direct calculation, we can obtain
 J1q q X qŽ . uw x x , w
 Q J q R J q  Q J q R J qŽ . Ž . Ž . Ž .Ý Ýu u u ux , z z , w s x , z z , sw
J JzW zW
 Q J q R J qŽ . Ž .Ý u ux , z z , sw
JzW
 q12qŽ12.N Js q Q J q R J q .Ž . Ž . Ž .Ý Ý u u uy s x x , y y , z z , swž /
J Ž .xysy , yd s , uzW
Here, we put
Y Ž1. q  q12qŽ12.N Js q Q J qŽ . Ž . Ž .Ý Ýu u ux , w y s x x , y y , zž /
J Ž .xysy , yd s , uzszW
 R J q ,Ž . uz , sw
Y Ž2. q  q12qŽ12.N Js q Q J qŽ . Ž . Ž .Ý Ýu u ux , w y s x x , y y , zž /
J Ž .xysy , yd s , uszzW
 R J q ,Ž . uz , sw
Y Ž3. q  q12qŽ12.N Js q Q J qŽ . Ž . Ž .Ý Ýu u ux , w y s x x , y y , zž /
J J Ž .xysy , yd s , uzszW , zW
 R J q ,Ž . uz , sw
Ž1. Ž . Ž2. Ž . Ž3. Ž .and we will calculate Y q , Y q , and Y q respectively.x, w u x, w u x, w u
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By our inductive hypothesis and the definition of weighted parabolic
R-polynomials, we can obtain
Y Ž1. q  q12qŽ12.N Js q Q J qŽ . Ž . Ž .Ý Ýu u ux , w y s x x , y y , s zž /
J Ž .xysy , yd s , uszzW , zw
 R J q  q12qŽ12.N Js q Q J qŽ . Ž . Ž .Ýu u us z , sw y s x x , y y , sw
Ž .xysy , yd s , u
 Q J q Q J q  q Q J q R J qŽ . Ž . Ž . Ž .Ž .Ý u u u ux , z s x , s z s x , s z s z , sw
JszzW
 X  J qŽ . ux , w
 Q J q R J q  Q J q R J qŽ . Ž . Ž . Ž .Ý Ýu u u ux , z z , w s x , z z , sw
J JszzW zszW
 q Q J q R J q  X  J q .Ž . Ž . Ž .Ý u u us x , z z , sw x , w
JzszW
By Theorem 5.1 and our inductive hypothesis, we have
Y Ž2. qŽ . ux , w
 q12qŽ12.N Js q Q J q R J qŽ . Ž . Ž .Ý Ý u u uy s x x , y y , s z z , swž /
J Ž .xysy , yd s , uszzW
 Q J q Q J q  q Q J q R J qŽ . Ž . Ž . Ž .Ž .Ý u u u ux , z s x , s z s x , s z z , sw
JszzW
 Q J q R J q  Q J q R J qŽ . Ž . Ž . Ž .Ý Ýu u u ux , z z , sw s x , z z , sw
J JszzW szzW
 q Q J q R J q .Ž . Ž .Ý u us x , z s z , sw
JzszW
Hence, by using Definition 2.3, we can obtain
 J1 Ž3.q q X q  Y qŽ . Ž .u uw x x , w x , w
 q  u Q J q Q J q R J qŽ . Ž . Ž . Ž .Ž .Ý u u us s x , z s x , z z , sw
J JzszW , zW
 X  J q .Ž . ux , w
Ž .Therefore, it follows from our inductive hypothesis and Theorem 5.1 i
that
 J  J1q q X q  X q . 18Ž . Ž . Ž .u uw x x , w x , w
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Ž . Ž .Hence, by 14 , 18 , and Lemma 3.5, we have
X  J q  0.Ž . ux , w
Ž . JCase b . w swW and u 1. Note that now we can use thes
 J Ž . Ž . Ž .equality X q  0 if l w  l x 	 k. By direct calculation, we havex, w u
 J1q q Z qŽ . uw s x x , w
 q  1 Q J q R J q  Q J q R J qŽ . Ž . Ž . Ž . Ž .Ý Ýu u u us x , z z , w s x , z z , w
J JzW zW
 q12qŽ12.N Js q Q J q R J q .Ž . Ž . Ž .Ý Ý u u uy s x x , y y , z z , wž /
J Ž .xysy , yd s , uzW
Here, we put
H Ž1. q  q12qŽ12.N Js q Q J qŽ . Ž . Ž .Ý Ýu u ux , w y s x x , y y , zž /
J Ž .xysy , yd s , uzszW
 R J q ,Ž . uz , w
H Ž2. q  q12qŽ12.N Js q Q J qŽ . Ž . Ž .Ý Ýu u ux , w y s x x , y y , zž /
J Ž .xysy , yd s , uszzW
 R J q ,Ž . uz , w
H Ž3. q  q12qŽ12.N Js q Q J qŽ . Ž . Ž .Ý Ýu u ux , w y s x x , y y , zž /
J J Ž .xysy , yd s , uzszW , zW
 R J q ,Ž . uz , w
Ž1. Ž . Ž2. Ž . Ž3. Ž .and we will calculate H q , H q , and H q , respectively. Byx, w u x, w u x, w u
Ž . Ž .our inductive hypothesis, the result of Case a , and Proposition 2.4 iii , we
can obtain
H Ž1. qŽ . ux , w
 q12qŽ12.N Js q Q J q R J qŽ . Ž . Ž .Ý Ý u u uy s x x , y y , s z s z , wž /
J Ž .xysy , yd s , uszzW
 Q J q Q J q  q Q J q R J qŽ . Ž . Ž . Ž .Ž .Ý u u u ux , z s x , s z s x , s z s z , w
JszzW
 q Q J q R J q  Q J q R J qŽ . Ž . Ž . Ž .Ý Ýu u u us x , z z , w s x , z z , w
J JszzW zszW
 q Q J q R J q .Ž . Ž .Ý u us x , z z , w
JzszW
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Ž .By Theorem 5.1, Proposition 2.4 iii , and our inductive hypothesis, we can
see
H Ž2. q  Q J q Q J q  q Q J q R J qŽ . Ž . Ž . Ž . Ž .Ž .Ýu u u u ux , w x , z s x , s z s x , s z z , w
JszzW
 Q J q R J q  Q J q R J qŽ . Ž . Ž . Ž .Ý Ýu u u ux , z z , w s x , z z , w
J JszzW szzW
 Q J q R J q .Ž . Ž .Ý u ux , z z , w
JzszW
By the direct calculation and our inductive hypothesis, we can obtain
H Ž3. q  q  1 Q J q Q J q R J qŽ . Ž . Ž . Ž . Ž .Ž .Ýu u u ux , w s x , z s x , z z , w
J JzszW , zW , zw
 q12qŽ12.N Js q Q J qŽ . Ž .Ý u uy s x x , y y , w
Ž .xysy , yd s , u
 q  1 Q J q Q J q R J qŽ . Ž . Ž . Ž .Ž .Ý u u us x , z s x , z z , w
J JzszW , zW
 Z J q .Ž . ux , w
It follows that we have
 J1q q Z qŽ . uw s x x , w
 q  1 Q J q R J q  Q J q R J qŽ . Ž . Ž . Ž . Ž .Ý Ýu u u us x , z z , w s x , z z , w
J JzW zW
 H Ž1. q H Ž2. q H Ž3. qŽ . Ž . Ž .Ž .u u ux , w x , w x , w
 Z J q . 19Ž . Ž .ux , w
Ž . Ž .Consequently, it follows from 17 , 19 , and Lemma 3.5 that
Z J q  0.Ž . ux , w
This completes the proof of Theorem 5.6. Q.E.D.
6. RESULTS FOR INVERSE WEIGHTED
KAZHDANLUSZTIG POLYNOMIALS
In this section, we apply our results obtained in Sections 4 and 5 to
inverse weighted KazhdanLusztig polynomials.
By the definition of the weighted KazhdanLusztig polynomials, the
definition of the inverse weighted KazhdanLusztig polynomials, and
Theorem 3.4, we can easily obtain the following.
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COROLLARY 6.1. For x, wW J, we hae
Ž . Ž .l x l y  1 P q Q q   .Ž . Ž . Ž .Ý x , y y , w x , w
x	y	w
By Corollary 4.4, we can obtain the following.
COROLLARY 6.2. Let x, wW, let s S, and let q be the minimums
element in   
.
Ž .i    1q Q q   yW ; x y	 w , q q  qŽ .Ž .  4s x , w y x s
Ž . Ž .l x l w   1 q R q .Ž . Ž .Ž .s x , w
Ž . Ž . Ž . Ž 1 .ii If l w  l x  l x w , then
  q Q qŽ .Ž .s x , w
  yW ; x y	 w , q q1  q   t S ; t	 x1 w , q  q . 4 4y x s t s
Moreover, by Theorem 5.1, Corollary 5.4, and Theorem 5.6, we can
obtain the following.
COROLLARY 6.3. Let x, wW and s S.
Ž .i If x sx, then
Q q Q q .Ž . Ž .x , w x , sw
Ž .ii Q q  1.Ž .e , w
Ž .iii If sw w and sx x, then
Q q Q q  q Q q  q12qŽ12.N s q Q q ,Ž . Ž . Ž . Ž . Ž .Ýx , w s x , sw s x , sw y s x x , y y , sw
xysy
s Ž .  s Ž .where N q N q .x, y x, y u
7. RESULTS FOR INVERSE PARABOLIC
KAZHDANLUSZTIG POLYNOMIALS
Our aim in this section is to give some explicit formulas and recursion
formulas of the inverse parabolic KazhdanLusztig polynomials as a
corollary of results for the inverse weighted parabolic KazhdanLusztig
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polynomials obtained in this article. Throughout this section, let u1
or u q.
First, we recall the definition of the parabolic KazhdanLusztig polyno-
J Ž .  mials P q introduced by Deodhar 3 .x, w u
DEFINITION-PROPOSITION 7.1. There exists a unique family of polynomials
J   JP q   q ; x , wWŽ . 4ux , w
satisfying the conditions
P J q  1, P J q  0 if x w ,Ž . Ž .u ux , x x , w
1Jdeg P q 	 l w  l x  1 if x w ,Ž . Ž . Ž .Ž .Ž .ux , w 2
lŽw . lŽ x . J J Jq P q  R q P q ,Ž . Ž . Ž .Ýu u ux , w x , y y , w
Jx	y	w , yW
 where we define an operation on  q as follows:
i i i  b q  b q for b q   q .Ý Ý Ýi i i
i0 i0 i0
We can define the inverse parabolic KazhdanLusztig polynomials
J Ž .Q q as follows:x, w u
DEFINITION-PROPOSITION 7.2. There exists a unique family of polynomials
J   JQ q   q ; x , wWŽ . 4ux , w
satisfying the following conditions:
Q J q  1, Q J q  0 if x w ,Ž . Ž .u ux , x x , w
1Jdeg Q q 	 l w  l x  1 if x w ,Ž . Ž . Ž .Ž .Ž .ux , w 2
lŽw . lŽ x . J J Jq Q q  Q q R q .Ž . Ž . Ž .Ýu u ux , w x , y y , w
Jx	y	w , yW
Then, by the equalities that
R J q  R J q12 , q12 , . . . , q12 ,Ž . Ž .Žu Ž .x , w x , w u , u , . . . , u
P J q  P J q12 , q12 , . . . , q12 ,Ž . Ž .Žu Ž .x , w x , w u , u , . . . , u
we can easily obtain that
Q J q Q J q12 , q12 , . . . , q12 .Ž . Ž .Žu Ž .x , w x , w u , u , . . . , u
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Therefore, by Theorem 3.4, we can also obtain the following known
Ž  .formula cf. 7, 11 :
Ž . Ž .l x l y J J J1 P q Q q   for x , wW .Ž . Ž . Ž .Ý u ux , y y , w x , w˜
Jx	y	w , yW
20Ž .
J J J , u˜ J uŽ . Ž Ž . . Ž .Therefore, our P q resp. Q q is actually P resp. Q in thex, w u x, w u x, w x, w
 terminology of 7 .
By Corollary 4.4, we can easily see the following.
COROLLARY 7.3. Let x, wW J and s S.
Ž .i
JJ J     q Q q   yW ; x y	 w , ‘‘ y , w  y , w if u q ’’Ž .  4Ž .ux , w
Ž . Ž .l x l w J  1 q R q .Ž . Ž .Ž .ux , w ˜
Ž . Ž . Ž . Ž 1 .ii If l w  l x  l x w , then
  J J J 1 4q Q q   yW ; x y	 w   t SW ; t	 x w . 4Ž .Ž .1x , w
By applying Theorem 5.1, Corollary 5.4, and Theorem 5.6 to the inverse
J Ž .parabolic KazhdanLusztig polynomials Q q , we have the following.x, w u
COROLLARY 7.4. Let x, wW and s S.
Ž . Ji If x sxW , then
Q J q if swW J ,Ž . ux , swJQ q Ž . ux , w J½ 0 if swW , u q.
Ž . J Jii If sxW and swW , then
Q J q Q J q .Ž . Ž .1 1x , w x , sw
Ž .iii Q J q  1.Ž .1e , w
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Ž .iv If sx x and sw w, then
Q J q Q J q  qQ J qŽ . Ž . Ž .u u ux , w s x , sw x , sw
 qŽ12.Ž lŽ y . lŽ s x .. J x , y Q J q ,Ž . Ž .Ý u uy , sw
Ž .xysy , yd s , u
where we put
W J if u1,
d s, u Ž . J J½  4xW ; sxW if u q ,
J Ž12.Ž lŽw . lŽ x .1. J x , w  q Q q .Ž . Ž .Ž .u ux , w
Ž . Jv If sx x and w swW , then
q u Q J q Q J qŽ . Ž . Ž .u ux , w s x , w
 qŽ12.Ž lŽ y . lŽ s x .. J x , y Q J q  0.Ž . Ž .Ý u uy , w
Ž .xysy , yd s , u
This proposition is easily obtained by the following lemma.
LEMMA 7.5. Let q  q, u  u for any s S. Then, for x, wW J,s s
s S with sx x w sw, and ‘‘swW J if u q,’’ we hae
N Js q   J x , w .Ž . Ž .u ux , w
Proof. For x, yW J, we can see that
Q J q  qŽ12.Ž lŽ y . lŽ x ..Q J qŽ . Ž .u ux , y x , y
and

  qŽ i2. ; i . 4
J JŽ .Therefore, by the equality  x , w   x, w and the uniqueness ofŽ . u u
Js Ž .N q , we may show only the following. For any i, we havex, w u
i2 J Ž12.Ž lŽw . lŽ y .. Jq  x , y q Q qŽ . Ž .Ý u uy , wž
Ž .xysy , yd s , u
q12qŽ12.Ž lŽw . lŽ x ..Q J q  0. 21Ž . Ž .ux , w /
1JŽ Ž . . Ž Ž . Ž . .By direct calculation and the fact that deg Q q 	 l y  l x  1x, y u 2
Ž .if x y, we can obtain the equality 21 . Hence, this completes the proof.
Q.E.D.
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8. RESULTS FOR INVERSE KAZHDANLUSZTIG
POLYNOMIALS
In this section, we apply our results obtained in Section 7 to inverse
KazhdanLusztig polynomials. Note that the combinatorial formulas for
 the inverse KazhdanLusztig polynomials were already given by Brenti 2 .
First, we recall the definition of the KazhdanLusztig polynomials
Ž .P q .x, w
DEFINITION-PROPOSITION 8.1. There exists a unique family of polynomials
 P q   q ; x , wW 4Ž .x , w
satisfying the following conditions:
P q  1, P q  0 if x w ,Ž . Ž .x , x x , w
1deg P q 	 l w  l x  1 if x w ,Ž . Ž . Ž .Ž .Ž .x , w 2
lŽw . lŽ x .q P q  R q P q .Ž . Ž . Ž .Ýx , w x , y y , w
x	y	w
Ž .The inverse KazhdanLusztig polynomials Q q are defined as fol-x, w
lows:
DEFINITION-PROPOSITION 8.2. There exists a unique family of polynomials
 Q q   q ; x , wW 4Ž .x , w
satisfying the following conditions:
Q q  1, Q q  0 if x w ,Ž . Ž .x , x x , w
1deg Q q 	 l w  l x  1 if x w ,Ž . Ž . Ž .Ž .Ž .x , w 2
lŽw . lŽ x .q Q q  Q q R q .Ž . Ž . Ž .Ýx , w x , y y , w
x	y	w
For x, wW with x w, we put
Ž12.Ž lŽw . lŽ x .1. x , w  q Q q .Ž . Ž .Ž .x , w
Ž . Ž .Then, we have  x, w   x, w . Therefore, by Corollary 7.4, we canu
obtain the following.
COROLLARY 8.3. Let x, wW and s S.
Ž .i If x sx, then
Q q Q q .Ž . Ž .x , w x , sw
Ž .ii Q q  1.Ž .e , w
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Ž .iii If sw w and sx x, then
Q q Q q  qQ qŽ . Ž . Ž .x , w s x , sw x , sw
 qŽ12.Ž lŽ y . lŽ s x .. x , y Q q .Ž . Ž .Ý y , sw
xysy
J Ž . Ž . J ŽNote that it is known that Q q Q q for any x, wW cf.x, w 1 x, w
 .11 .
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